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Certified Global Optimality in Trajectory Optimization via Path—Velocity Decomposition
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Trajectory optimization solvers

(a) Control profile, K=3, umax =4 (b) Convergence to analytic minimum time

B —e— analytic bang-bang (1,") « +1.90% e uniform Ay (even K)
xxxxx ——— uniform A¢ (5= 1.0190) E 2.0 ®m  uniform Ay (odd K)
21 - auto A¢ (TR-SCP) (45=1.0000) | X | ] - auto A (TR-SCP)
X \ :,‘:\
20 < . - |
E S Ay m0.004 L1 +0.67%
3 \\ (switch alignment) \;
224 \ g 0.5
\ )
R ! A E ool d—a W A e
0.0 02 04 0.6 0.8 10 2 3 4 5 6 71 8 9 10

time ¢
HE NIOHET oA XIAAZIHZE 28 — =2 282 QK EHE

Example 2: Fuel-Optimal (K=12, 1=5.0)
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Certified collision avoidance

Slit 3 (a =90, Y-gap) — Goblin Drone, p=2

=== Gap direction (a=907)

Original path
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Guidance law design

(a) VDGL convergence-angle laws
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(b) p-scheduled (—) vs fixed-gain (- -)

convergence angle #(d) [deg]
]

cross-track RMS [mm]
6 ~ v w »

ema [deg]

=2l =5 — PV H,,

VFG: Vector Field Guidance - NLGL: Nonlinear Guidance Law - LPV: Linear Parameter-Varying -
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(a) Heading error
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(b) Cross-track error
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SVC-VW model as a dynamical system
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Decision variables: path geometry and timing
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Why path and timing multiply
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Where the nonconvexity comes from
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Coupled landscape: optimal timing depends on the path
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Coupled objective: optimal timing depends on the path
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Limitations of existing methods
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SCP: Sequential Convex Programming - SQP: Sequential Quadratic Programming - TOPP: Time-Optimal Path Parameterization
' D. Malyuta et al., IEEE Control Syst. Mag., 2022. 2H. Pham & Q.-C. Pham, IEEE Trans. Robotics, 2018. 33J. B. Lasserre, SIAM J. Optim., 2001.
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Free-final-time trajectory optimization
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Hierarchy of problem formulations

(P2) Conservative |

- LHEZ2 AL
(P1) Native oL HAX
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From nonconvex OCP to the native block form

KRSEARZNHIEE ZIEHIA (PO):

,min [70dt stou=1D(q.4.4). q€C ueld. (bc)

ZZ P - EIOIZ 3 2 Eolist native ™ (P1):
min J =T(8)+pE(P,B) St ld'’b < vp, 4”0+ d'al| < anax, P EC

P, B3>0 —_—
NP, IR
tp KR SEAIZHEEAZ) - B b(s) = 5% = Bb,,(s) >0 : HIS RASIZ(EIOIY Bz
q(s) = Pb,(s) :degree-n Bézier && &2 (s |0, 1]) a:=1 8= qg=qVbh, §=q"b+da
P : 3£ HIKH&(control points) B - EIOIE Bernstein Hl$
u = ID(-) - NI (B=5H=) T = Jyds/Vb -5 OIS A2t
¢ &2HHIR (M2 25) E = [}|lu]?/vbds : HIOIHILARI
C,U 518y e p - NZ=0IEHXI THESKI
Vmax, Omax - S - JHESE SHA| (b.c.) : BH=EA (AIE- BE)
OCP: A0 2RI - ID: 2SfsHInverse Dynamics) * by, b,,: Bernstein JIKHE - ZFHA (P, 3)

FMCL - Future Mobility Control Lab. FMCL Research Presentation




25r0| HAI3t— (P2) - (P3) - (P4)

Formalizing the three principled extensions

(P2) Conservative (P3) Linearized (P4) Timing-only
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Reparameterizing speed as squared velocity
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Constraints become convex in (a,b)

a=d(s)Vb,  dq=4q"(s)b(s) +d'(s)a(s)
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The timing subproblem is exactly convex

SE oM — =M A= S AN —IM 2 WX (KX 8)
(a) straight line: SOCP = closed-form
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Proposition 1
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Coupled problem is biconvex
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Alternating updates converge, but only to a partial optimum - Remark 1
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Alternating updates may cycle
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Convex relaxations that bound the nonconvex set
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SDP: Semidefinite Program (BI&Es Hizl
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Relaxation hierarchy

bilinear w = zy, = € [z, zv], y € [y, yu] 8l McCormick &=k
w2y +YrT — Ty, w2 xyY+Yur — Tuyu,

w<rTyy+Yyrr— TyyL, w<2TLY+Yyur —rLYu.

Shor SDP 2|18 — X = zz' 9| rank A= HIJ[510{ =&0HH| BF=DI

X =z — 1)  HJI—HESA0l =g
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A structural limit of single relaxations

(a) SDP tightens the LP bound
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SECTION 02/04

SDP: Semidefinite Program(BIEES H2ld) - LP: Linear Program (A& Hi=lE)
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Proposition 3 (negative result)
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Certifying global optimality

(a) gap decreases monotonically (b) global lower bound rises toward UB
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Theorem 1 -Lemma 1
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Bound-Guided Refinement

Certification » Improvement

(a) keep-out traps the local solver

0.6 - m— trapped, J=4.40
ad A T N g m 24 THAIZIOE SR XIAI6H JHAL
| S — QI=(| XMOIX| X3 2Oz
~ 0.2 -
00 4 B oo\ 0 keep-out gOHEO-” 7|:|"c'>l;| :T'_—I_/I\_'(')'H
02 - J=4.40 — 2.85

Xt X2 (—35%)
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2H1g1= 1 — Bound-Guided Refinement

A certification loop that also improves the incumbent
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Invariant core and platform-specific components
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SOCP: Second-Order Cone Program - B&B: Branch-and-Bound(£7[8td) - BGR: Bound-Guided Refinement
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Scope: one core, four tiers, graded guarantees
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Applications across platforms
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Summary
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Where this framework fits
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Summary and outlook
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